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1 Ordinary differentiation

1.1 The original problem
Problem Iteration of the derivative

Letd = %, and let f € C°°(R). Suppose that, for every z € R, the limit

g(z) == lim d"f(z) = lim f™(x)

n—oo n—oo

exists. We want to show that g is differentiable and, in fact, satisfies ¢’ = g.

1.2 Analyticity from pointwise derivative bounds

Theorem 1.1 Analyticity theorem
Let f € C*°(R). Define

M (z) := sup{|f¥(z)| | k > 0},

and assume that M (x) < oo for every € R. Then f is the restriction to R of an

entire function.

Proof: Suppose this is not the case. Let X denote the set of real numbers = for which
there does not exist any entire function that agrees with f on a neighbourhood of z. If
X = &, then every point has a neighbourhood on which f agrees with some entire
function. These entire functions agree on overlaps by analytic continuation, and hence
glue to a single entire function agreeing with f on all of R, contradicting our
assumption. Therefore X is non-empty.

Claim 1: The set X is closed.

Verification of Claim 1: Let (x,,) C X. Suppose x,, — x ¢ X. Then there exists a
neighbourhood U C R of x and an entire function agreeing with f on U. Since z,, — =,
we have z; € U for some N € N. Thus U is a neighbourhood of x5, on which an entire
function agrees with f, contradicting « ,; € X. Therefore x € X, so X is closed.

Now define S,, := {x € R | M (z) < n}. Then,
S, ={z eR| f¥(z) € [-n,n] Vk >0}

N
=N (%) (1=, )

k>0

Analyticity from pointwise derivative bounds 2
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Hence each S,, is closed. Also note that

R=|]8S,

neN

So

X=]J(s,nx)

neN

Since X is closed in R, it is complete in the induced metric. Since X is also non-empty,
BCT implies that there exists an N € N with S N X having non-empty interior relative
to X. In other words, there exist a,b € R with a < b such that

If (a,b) \ X = &, then (a,b) C X C Sy. Hence
|[fm(2)| < N

for all z € (a,b) and all m > 0. The Taylor argument below then shows that every
zy € (a,b) has a neighbourhood on which f agrees with an entire function,
contradicting (a,b) C X. Thus (a,b) \ X is non-empty.

Now let (c, e) be a maximal interval in the open set (a, b) \ X. Since (c,e) C (a,b) \ X,
for every x € (c, e) there is some neighbourhood of = on which f agrees with an entire
function. By analytic continuation, these entire functions agree on overlaps, and hence f
agrees with a single entire function F' on all of (¢, e).

Claim 2: At least one endpoint of (c, e) lies in (a,b) N X.

Verification of Claim 2: Suppose first that ¢ € (a,b).If ¢ ¢ X, thenc € (a,b) \ X.
Since (a,b) \ X is open, some neighbourhood of ¢ is contained in (a, b) \ X. This would

extend (c, e) to the left, contradicting maximality. Hence, if ¢ € (a, b), then ¢ € X.
Similarly, if e € (a,b), thene € X.

If neither endpoint lies in (a, b), then (c, e) = (a, b), contradicting (a,b) N X # .
Therefore at least one endpoint lies in (a,b) N X.

The argument below treats the case ¢ € (a,b) N X. If instead e € (a,b) N X, the same
argument works with e in place of ¢, expanding around e and using x — ¢* at the end.
Since (a,b) N X C Sy, we have ¢ € Sy, and so

[f™(e)| < N

Analyticity from pointwise derivative bounds 3
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forall m > 0.

Since F|, .y = flc,) and both functions are C° there, we have F(r) (o) = £ |(ce) for
every r > 0. Therefore, using continuity of F’ () and f (r),

F(c) = lim F")(z) = lim f")(z) = f"(c)

r—ct z—ct

Now let = € (c, e). Since F is entire, Taylor expansion of F("™) around c gives, for each
m > 0,

2 p(m+i) (¢ &, fmEd) (e ,
Fm)(z) = Fm)(g) = Z u(gg — )i = Z f+<>(x —¢)J

= 7 =

Thus,

J=0 J
N

<) —lz—cf
— 4!
7=0
(o ]

N

<) —(b—a)
=0 J°

= Nexp(b—a)

forallm > 0 and all 2 € (c, e). Since f € C*(R), each f(™) is continuous, so letting
T — e~ gives

|f(m)(e)‘ < Nexp(b—a)

for all m > 0. Hence the bound holds for all m > 0 and all z € [c, e].

Now let (¢, e) vary over all maximal intervals in (a,b) \ X.If x € (a,b) \ X, then z lies
in one such interval, and the above argument gives

| f™)(z)| < Nexp(b—a)
for all m > 0. On the other hand, if z € (a,b) N X, then x € Sy, and so
£ (z)] < N < Nexp(b—a)
for all m > 0. Hence

|[f™)(@)| < Nexp(b—a)

Analyticity from pointwise derivative bounds 4
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for all x € (a,b) and all m > 0.

We now show that f is real analytic on (a, b). Let z, € (a,b), and choose r > 0 such
that (zy, —r,zy +7) C (a,b). Forz € (xy — 7,2y + r) and K > 0, Taylor’s theorem
with remainder gives

IR i FEDE) "
f(x)—; 7l 2 (z — xp) +m($—wo)K

for some ¢ between x and z,. Therefore,

|K+1

5 F9 (2y) j| _ Nexp(b—a)
|f(33>j20 j!o (z — )| < (K +1)! lz —

Letting K — oo, the right hand side goes to 0. Hence f agrees with its Taylor series on
(xy —r,xy + 7). Since z, € (a,b) was arbitrary, f is real analytic on (a, b).

Moreover, the same bound shows that this Taylor series has infinite radius of
convergence. Indeed, for every z € C,

f(j) (zo)

]| (Z T 330>‘7

<> MERPZD e = N explb ) exp(lz — o)) < o0
=0 =0 '

Thus the Taylor series at x, defines an entire function which agrees with f on a

neighbourhood of z,. Hence =, ¢ X. Since z, € (a,b) was arbitrary, (a,b) N X = &.
This contradicts (a,b) N X # &.

Therefore our supposition was false, so X = . Hence every point has a neighbourhood
on which f agrees with an entire function. By analytic continuation, these local entire

functions agree on overlaps and glue to a single entire function whose restriction to R is
f- Therefore f is real analytic with infinite radius of convergence. O

1.3 Solution of the original problem

Theorem 1.2 Pointwise limits of iterated derivatives

Let f € C*°(R) and suppose that

g(z) := lim f™(z)

n—oo

exists for every x € R. Then g € C*°(R) and ¢’ = g.

Proof: Assume that f € C*°(R) and that

Solution of the original problem 5
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g(z) = lim f"(z)

n—oo

exists for every x € R. Then for each fixed z, the sequence (f™)(z)),,, is convergent,
hence bounded. Therefore the hypotheses of Theorem 1.1 are satisfied, so f is the
restriction of an entire function.

Indeed, for each z € R, set

M(z) += sup| f") (z)].

n>0
This quantity is finite because (™ (z)),,»o converges.

Forall £ > 0 and x € R we have

[F¥ ()] =

X p(n+k)
S,
o n!

- |
o n! (1.1)

n

= M(0) exp(|z|).

Let a < b. By the Fundamental Theorem of Calculus, we have

b
)~ V@) = [ (@) da,

a

By (1.1), we may apply Lebesgue’s Dominated Convergence Theorem as n — oo to
obtain

and hence

19(b) — ga)] < / 9(2)] dz
<M

(0) exp(max(|al, [b]))(b — a).

Solution of the original problem 6
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Thus g is locally Lipschitz and, in particular, continuous. Fixing a and differentiating
with respect to b, the Fundamental Theorem of Calculus gives

g'(b) = g(b).

Therefore ¢’ = g. Since g is continuous, this identity can be differentiated inductively to
conclude that g is smooth. O

Let I C R be a non-empty open interval and let ' € C°°(I). If lim F™ (y)
exists for every y € I, then F' is the restriction to I of an entire function.

n—,oo
Moreover, the pointwise limit G satisfies G’ = G on 1.

Proof: To see this, apply the Baire argument and Taylor estimate from Theorem 1.1 on
compact subintervals of I. Thus every point of I has a neighbourhood on which F
agrees with an entire function. These local entire functions agree on overlaps by analytic
continuation, and hence glue to a single entire function agreeing with F' on all of I. The
dominated-convergence step is then applied on an arbitrary compact interval [a, b] C I,
giving

G(a) — G(b) = /a G(z)dzx.
b

Since [a, b] was arbitrary, G’ = G on all of I. O

Solution of the original problem 7
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2 First-order linear differential operators

2.1 The operator Lf = af’

Theorem 2.1 Nowhere-vanishing leading coefficient
Let a € C*°(R) be nowhere zero, and define the operator
Lf:=af’
on C'°°(R). Suppose that for every z € R, the limit
g(z):= lim L"f(x)

n— oo

exists. We want to show that g is differentiable, and in fact satisfies
Lg =g,

or equivalently,

ag’ = g.
Proof: Define

®:R >R, @(x)::/ L
0

Since a is nowhere zero, it has constant sign. Thus &’ (z) = % is nowhere zero, so ® is

a smooth diffeomorphism from R onto the open interval
I:=%R)CR.
Let ®1 : I — R denote the inverse diffeomorphism. Define
F:i=fod®d1: TR
Then, for y € I, the inverse derivative formula gives

(@) = gy = —— = o).

Hence, by the chain rule,

The operator Lf = a f’ 8
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/

= (e @) (@)
= (f @7 )(aod7)
— (Lf) oo,
Applying the same computation to L f gives
(Lf) e @ )(@7)
((Lf) e @7 )(ao @)
= (L(Lf)) o @7
= (L*f)o® 1.

F "

Applying the same identity inductively gives
FM = (L"f) o @7}
on [ for every n > 0.

Now define

G:I—R, G(y):= lim F™(y).

n—0o0

This limit exists because for every y € I, we have ®~1(y) € R, and so

G(y) = lim (L"f)(® ' (y)) = (@' (v))

n—oo
Thus
G=god 1

Now F' € C°°(I), and we have just shown that lim,, ,__ F™ (y) exists for every y € I.
The proof of the original problem applies locally on any open interval, so applying it to
F: I — Rgives

G =G.
Since G = go &1 we also have g = G o ®. Therefore, for z € R,

The operator Lf = a f’ 9



DIRECTED RESEARCH PROGRAM J. EDMONSTONE AND M. TCHOUIKINE

Hence
ag’ =g,

or equivalently, Lg = g. O
2.2 The operator Lf = af’ + f
Theorem 2.2 The case b =1
Let a € C*°(R) be nowhere zero, and define the operator

Lf:=af +f
on C'°°(R). Suppose that for every = € R, the limit

g9(z) == lim L™ f(x)

n— o0

exists. We want to show that g is differentiable, and in fact satisfies

Lg=g

Moreover, g is constant.

Proof: Define

and let
I := (I)(R) CR

As before, ® is a smooth diffeomorphism from R onto /. Let &1 : I — R denote the
inverse diffeomorphism. Define

E:I—=R, E(y):=exp(y)
Then E’ = E. Define the function
F:=E(fo®1'):T>R

Then, using the same calculation as in the first extension,

The operator Lf = af’ + f 10
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— B(fod )+ E((af) 00

=E((f+af’)o 27"

= E((Lf)o @)

Applying the same computation to L f gives

E'((Lf) e ®7%) + E((a(Lf)) o @7)
E(((Lf) +a(Lf)) o 27
E((L(Lf)) 27"
E((L*f)@7")

Applying the same identity inductively gives
FM™ = EB((L"f)o®!)

on [ for every n > 0.

Now define

G:I—R, G(y):= lim F™(y)

n—0o0

This limit exists because for every y € I,

G(y) = E(y) lim (L"f)(®"'(y)) = E(y)g(® " (v))

n—00

Thus
G=E(go®1)

Now F' € C*°(I), and we have just shown that lim
The proof of the original problem applies locally on any open interval, so applying it to
F: 1 — Rgives

F™(y) exists for every y € I.

n—00

G =G
Then

G =FE' (900 )+ E(go® ') =E(go® ')+ E(god ")
Since G’ =G = E(g o @_1), we get

(go ¢_1)/ = O

The operator Lf = af’ + f 11
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Composing with ® gives
g =0
Hence
ag’ +9 =y,
and therefore Lg = g.

It is worth noting that in this case the conclusion is stronger than just Lg = g: since a is
nowhere zero, the equation ag’ + g = g forces g’ = 0. Thus convergence under this
operator forces the limiting function g to be constant. O

2.3 The general operator Lf = af’ + bf

Theorem 2.3 General nondegenerate first-order operators
Let a,b € C°°(R), with a nowhere zero, and define the operator
Lf:=af +bf
on C'*°(R). Suppose that for every z € R, the limit
g(z) := lim L™ f(x)

n— oo

exists. We want to show that g is differentiable, and in fact satisfies
Lg =y,

or equivalently,

Proof: Define

and let
I:=9R)CR

As before, ® is a smooth diffeomorphism from R onto I. Let ®! : T — R denote the
inverse diffeomorphism. Fix y, € I, and define

The general operator Lf = af’ + bf 12
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W:I—-R, W(y):=exp (/y b(D1(s)) ds)

Yo
Then by the Fundamental Theorem of Calculus,
W =W(bod 1)
Define the function
F=W(fo®1!):I >R
Then, using the same calculation as in the first extension,
P = W/(fo ) + W((af') o 01)
=W((bf)e @) +W((af)o &)
=W({(Lf)o® 1)
Applying the same computation to L f gives
F" = W((Lf) o ®7) + W((a(Lf)) o &)
=W((b(Lf) e @) + W((a(Lf)) o 27)
=W((L(Lf)) o 27")
=W((L*f)=27)
Applying the same identity inductively gives
PO W((L7f) 0 )
on [ for every n > 0.

Now define

G:I—R, Gy):= lim F"(y)

n—o0

This limit exists because for every y € I,

G(y) = W(y) lim (L"f)(27(y)) = W (y)g(®~*(v))

Thus
G=W(go®1!)

The general operator Lf = af’ + bf

13
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Now F' € C°°(I), and we have just shown that lim,,_,__ F(™ (y) exists for every y € I.
The proof of the original problem applies locally on any open interval, so applying it to
F: I — Rgives

G =G
Then
G =W (go® ) +W(go®') =W(bed)(go2™!) +W(go2™)
Since G’ =G = W(g ° <I>_1), we get
(900 +(bo® M) (go s ) —goo
Now compose this identity with ®. Since g = (g o ®~1) o @, the chain rule gives

(g o Q_l)/ od
a

g =((go® 1) )0 =
Thus
((ge@7") 0 @) =ay
Also, ((bo® 1) o®) =band ((go ® ') o ®) = g. Therefore composing with ® gives
ag’ +bg =g
Therefore Lg = g.

This also gives an explicit description of the possible limits. Indeed,
ag’ +bg =g

is equivalent to

Thus either g = 0, or for some constant C,

g(z) = Cexp (/w ! ;(i))(t) dt)

This recovers the previous cases: if b = 0, then g is a scalar multiple of exp( f (%)), while

if b = 1, then g is constant. O

The general operator Lf = af’ + bf 14
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3 Degenerate leading coeflicients

3.1 A simple zero: Lf = z f’

Theorem 3.1 Iteration of x%
Let Lf := zf" and let f € C°°(R). Suppose that

g(x) == lim L"f(z)

n— o0

exists for every x € R. Then f is affine. In particular, there are a, b € R such that
f(x) = a + bz and g(x) = bz, so g is smooth and Lg = g.

Proof: This is the simplest example where the coefficient of f’ vanishes, so the previous
change of variables cannot be applied globally. We use the following form of the
Phragmén-Lindel6f uniqueness theorem.

Let H : C — C be entire. Suppose there are constants C; A > 0,7 > 0, a > 7,
and T' € R such that

|H(z)| < Cexp(7]2])
for every z € C, and
|H(t)] < Aexp(at)

for every real ¢ < T'. Then H = 0.

The proof has three steps: conjugate L to the ordinary derivative on each half-line,
control the growth of the resulting entire functions, and use their behaviour near 0 to
force them to be affine-exponential.

Fix o € {—1,1} and define

7o (0,00) ifo=1
77 1 (—00,0) if c = —1

and
o I — R, & (x):=log(ox).

Then ®_ is a smooth diffeomorphism with inverse

A simple zero: Lf = z f’ 15
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o, R— I, ®;'(y) = oexp(y).

Define

Claim 1: For every n > 0,
Eyr) = (L f) o @,

Verification of Claim 1: Since

the chain rule gives

E'=(f oa;1) (3"

= (f" =27 1)®;"
= (Lf)o®;".
Applying the same computation to L f gives
= ((Lf) o ®;")(2;")
= ((Lf) - &)
= (L2f) - 2, "
Applying the identity inductively,
B = (1) o 27
for every n > 0.

By Claim 1, Theorem 1.2 applies to F, so F is the restriction of an entire function,
which we continue to denote by F,. Set

and define the entire function

H_(z):=F_(z) —a— obexp(z).

Claim 2: There is a constant C, > 0 such that

|H,(2)] < G, exp(|z])

A simple zero: Lf = z f’ 16
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for every z € C.

Verification of Claim 2: Since ®,1(0) = o, we have

F3(0) = (L™ f)(0).

Thus the sequence (Fo,(”) (0));’;’:0 converges and is therefore bounded. Choose M_ > 0
such that

[Fim(0)| < M,

for every n > 0. The Taylor series of F, at 0 then gives, for every z € C,

o0 Mo.
() <Y 22l = M, exp(lz)).
n=0 ’

), it follows that

|H, (2)] < (M, + |a] + |b]) exp(|2])-

Since |exp(z)| < exp(]z

Thus we may take C_ = M_ + |a| + |b].
Claim 3: There are constants K > 0 and Y € R such that

|H,(y)| < K exp(2y)

for every realy < Y.

Verification of Claim 3: By Taylor’s theorem, there are constants §, K > 0 such that

|f(z) —a—bz| < Kx?
whenever |z| < §. Choose Y € R such that exp(Y) < 0. Ify <Y, then
|, (y)] = exp(y) <4,
and hence
|F,(y) —a— b2, (y)| < K exp(2y).
Since @1 (y) = o exp(y), this is exactly
|H, (y)| < K exp(2y)

for every realy <Y.

A simple zero: Lf = z f’ 17
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Claims 2 and 3 verify the two growth hypotheses of Lemma 3.2 with 7 = 1 and a = 2.
Therefore H, = 0, and hence

F,(y) = a+ b2 (y)
for every y € R. Composing this identity with ®_ gives
f(x) =a+ bz
for every x € 1.

Since o € {—1, 1} was arbitrary, this identity holds on both half-lines. Since f(0) = a,
we conclude that

f(x) =a+ bz
for every x € R.
It follows that
Lf(x)=xzf'(z) = bz

and

L(bx) = bx.
Thus L™ f(x) = bx for every n > 1, and consequently

g(z) = bzx.
In particular, g is smooth and satisfies

Lg=g.

A simple zero: Lf = z f’ 18
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3.2 A second-order zero: Lf = z2 f’

d

Theorem 3.3 Iteration of 2 I

Let Lf := 22 f" and let f € C°°(R). Suppose that
6(z) = lim I"f(2)

n—o0

exists for every x € R. Then, for some C' € R,

C —Dyz >0
9(@) = {0 = ””>i <0.

In particular, g € C*°(R) and Lg = g.

Proof: Define

®, : (0,00) — R

1
T ——
x

/

Note that @, is self-inverse, so (&) (z) = ®,'(z) = 5 forall z € (0, 00). Denote
F, = fod L.

Foralln € N,

FM = (L f) o @},

Proof: Applying the chain rule, we have

/

E/'=(fo®) =(fo2:") (271"

Therefore, for y € (—o0,0), we have

A second-order zero: Lf = x2 f’ 19
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So F.' = (Lf)o®;
We also have
E® = ((Lf) > &;1)
= ((Lf) o 1)(2;1)

Therefore, for y € (—o0,0), we have

FP(y) = (Lf) (27 () (97 (1))

= (L2 f) (27 ().
So F®) = (L2f) 0 &7 1.
Inductively,
F™ = (L"f) 0 &
which concludes the proof. O

Note that F, € C*°((—o00,0)). By Lemma 3.4 and the hypothesis on L™ f, the limit
lim, . FJEn) (y) exists for every y € (—o00,0). Thus Lemma 1.3 applies directly to F\ . If

G, (y) := lim Fﬁ") (v),

n—oo
then G,” = G, on (—00,0), so
G, (y) = Cy exp(y)

for some C, € R. Note that G, =g o @;1, so g = G o ®_ . Therefore, for z > 0 we get

g(z) =C, exp(—1>

x
Now, define

¢ :(—00,00) — R

1
T ——
T

and denote F_ = f o ®~ 1.

A second-order zero: Lf = x2 f’ 20
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Foralln € N,

F = (L"f) o ®~1,

Proof: The proof is analogous to that of Lemma 3.4. O

Analogously, Lemma 1.3 gives

G_(y) == lim E™(y) = C_exp(y)

n— oo

for some C_ € R.

We have C_ = 0.

Proof: First note that f is continuous at 0 because it is smooth, so

lim F(y) = lim f(—i) - f( lim —1) — /(0)

Y—r00 Y—+00 y—oo Y

In particular, ' is bounded for all sufficiently large y. Thus there exist Y > 0 and
M > 0 such that

FL(y)| < M

foreveryy > Y.

By Lemma 1.3, F_ agrees on (0, 0o) with the restriction of an entire function £ .
Therefore, for every y, > 0, its Taylor series centered at y, has infinite radius of
convergence. Set

H(y) = F_(y) — C_exp(y)

on (0, 00). Since entire functions are closed under linear combinations, the function

H(z):=F (2) — C_exp(2)
is entire. Moreover, for every y € (O, oo),

H(y)=F (y) — C_exp(y) = H(y).

A second-order zero: Lf = x2 f’ 21
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Thus H agrees on (0, co) with the restriction of the entire function H. Also, for every
y >0,

H™ (y) = F™(y) — C_exp(y) — 0

n—oo
because F™ (y) —— C_ exp(y).
n—oo
Fix y, > 0, and define
ay, = H® (yp).
For » > 0, the Taylor expansion at y, gives
> a
H(yo + /r) k];; k
and hence
exp(—r)H(yo + 1) = Z ay eXP(—T)E
k=0 ‘

We claim that the right hand side tends to 0 as » — oco. Let € > 0. Since a;, — 0, choose
K such that |a;| < § for every k > K. Then

K-1 k:
lexp(—r)H (yo +7)| < ;\ak\exp( )k,

(3.1)

+5 2 expl-
k=K

However,

Z |ag,| exp(— k' —0

because ¥ € o(exp(r)) for any k € N. Note further that

o0 k
g 19
> exp(—r)exp(r) = -

> 0.

l\DIm

because ’,;—’7 > (0 forall r

Combining these estimates with (3.1), we have
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DIRECTED RESEARCH PROGRAM J. EDMONSTONE AND M. TCHOUIKINE

K—
lexp(—r)H (yo + 1) Z ay| exp(—r) 4y + ¢
k—0

The finite sum is less than £ for all sufficiently large r. Hence
lexp(—r)H (yo +7)| <&
for all sufficiently large r. Since € > 0 was arbitrary,

lim exp(—r)H(y, +71) =0

700
Now let y = yy + 7. Then
exp(—y)H (y) = exp(—yo — ) H(y)
= exp(—yp) exp(—r)H (yo + 7).
Since exp(—y,) is constant and  — oo if and only if y — o0, it follows that

lim exp(—y)H (y) = 0.

ol
Now,
exp(—y)F (y) = exp(—y)(C_exp(y) + H(y)) (by definition of H)
= C_ +exp(—y)H(y),
50
Jim exp(—y)F (y) = C_. (3.2)

However, by the choice of Y and M, for every y > Y we have
lexp(—y) FL(y)| < exp(—y)|F_(y)| < M exp(—y).
Since lim,_, ., M exp(—y) = 0, the squeeze theorem gives

lim exp(—y)F_(y) = 0.
Y—00

Therefore, by (3.2), we have C_ = 0. O
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Let h € C*°((0, 00)) and suppose that
lim A" (z) =0

z—0*t

for every n > 0. Then the extension

h(z) = {h(w)x >0

0 <0

belongs to C*°(R).

Proof: See Francis, Lemma 6.2 , which proves the more general extension-by-zero
principle in R O

Since C_ = 0,wehave G_ =0,yet G_ = go ®~! with ®~1(y) = —i # 0 for any
y € (0,00). Therefore, g(x) = 0 for z < 0. Also, at z = 0, we have (Lh)(0) = 0 for
every smooth function h, so g(0) = 0. Therefore any pointwise limit has the form

_ JCLexp(—1),z>0
g(z) = {0, 2 <0

Note that g is clearly smooth on R*. On (—o0, 0], every derivative of g is zero. For every
n > 0, the nth derivative of the right-hand piece has the form

1 1 P (L
)l 25
xr X exp(;)
for some polynomial P,, which tends to 0 as z — 0% because exponential growth

dominates polynomial growth. Thus, by Lemma 3.7, g is smooth at 0, and therefore
g € C*(R), as desired.
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Remark 3.8 Why C| need not vanish

The constant C need not be zero. On the negative half-line, z — 0~ corresponds
to y — oo, where F_ is bounded and exp(—y) — 0, forcing C_ = 0. On the
positive half-line, z — 0" corresponds instead to y — —oo, where

exp(—y) — o0, so the same argument fails. Indeed, for any C' € R, the smooth
function

) = {C’exp(—%),x >0

0, <0

satisfies L f~ = f-. Hence L" fo = f for every n, showing that any value
C, = C can occur.

4 Structural decomposition

4.1 Three important spaces

Let L : C°°(R) — C*°(R) be a linear differential operator, and define

A:= {h € C®(R) | lim L™h(z) =0 for every x € R}

n—o0

This is the transient space. Define

B := {f € C*(R) | lim L™f(x) exists for every x € ]R}

n—o0
This is the input space. Finally, define
C:={9eC*[R)|Lg =g}

This is the fixed-point space.
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Proposition 4.2 Transient-fixed-point decomposition

Assume that, for every f € B, the pointwise limit

g9(z) == lim L™ f(x)

n— o0

belongs to C°°(R) and satisfies Lg = g. Then
B=A+C.

Proof: First let f € B, and define

g(x) = lim L"f(x)

n— o0

By the hypothesis, g € C'. Let
h=f—g
Then h € C*°(R), and for every = € R,
L"h(x) = L™ f(z) — L"g(x) = L" f(z) — g(z) = 0
Thus h € A, and therefore
f=h+gcA+C
SoBC A+C.
Conversely, let f € A + C. Then there exist h € A and g € C such that
f=h+g
Since Lg = g, we have L™ g = g for every n > 0. Hence, for every =z € R,
L"f(x) = L™h(z) + L"g(x) = L"h(z) + g(x) — g(z)
L" f(x) exists for every z € R, so f € B. Hence
A+CCB

Therefore the limit lim,,_,

Combining the two inclusions gives

B=A+C
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